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E-mail address: Xin-Lin.Gao@utdallas.edu (X.-L. GaThe Eshelby-type problem of an arbitrary-shape polygonal inclusion embedded in an inﬁnite homoge-
neous isotropic elastic material is analytically solved using a simpliﬁed strain gradient elasticity theory
(SSGET) that contains one material length scale parameter. The Eshelby tensor for a plane strain inclusion
with an arbitrary polygonal cross section is derived in a general form in terms of three potential func-
tions, two of which have the same deﬁnitions as the ones involved in the counterpart Eshelby tensor
based on classical elasticity. These potential functions, as area integrals over the polygonal cross section,
are ﬁrst converted to three line (contour) integrals using Green’s theorem, which are then evaluated ana-
lytically by direct integration. The newly derived Eshelby tensor is separated into a classical part and a
gradient part. The former contains Poisson’s ratio only, while the latter includes the material length scale
parameter additionally, thereby enabling the interpretation of the inclusion size effect. For homogeniza-
tion applications, the area average of the new Eshelby tensor over the polygonal cross section is also pro-
vided in a general form. To illustrate the newly obtained Eshelby tensor and its area average, three types
of polygonal inclusions are quantitatively studied by directly using the general formulas derived. The
numerical results show that the components of the SSGET-based Eshelby tensor for all inclusion shapes
considered vary with both the position and the inclusion size. It is also observed that the components of
the averaged Eshelby tensor based on the SSGET change with the inclusion size. By applying the newly
derived solution, a homogenization analysis of a composite reinforced by polygon-shaped ﬁbers is per-
formed. The induced strain in the composite is evaluated, and the effective stiffness of the composite
is predicted. It is found that the values of the induced strain components approach from below those
in a corresponding composite reinforced by circular ﬁbers when the ﬁber size or the number of sides
of the polygonal ﬁber increases. Also, the analysis reveals that the components of the effective stiffness
tensor vary slightly with the ﬁber shape, and thus the simpler solution for the circular inclusion problem
may be used to estimate the effective stiffness of a composite reinforced by regular polygon-shaped
ﬁbers.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Eshelby’s eigenstrain method (Eshelby, 1957) has been widely
used in homogenization analyses of composite materials. The
determination of Eshelby’s tensors for inclusions of various shapes
is essential for the application of this method.
A number of studies have been conducted to determine Eshelby
tensors for polygonal inclusions. The Eshelby tensor for an arbi-
trary polygon-shaped inclusion was analytically obtained by Rodin
(1996) and Nozaki and Taya (1997) using two different integration
methods. Special properties and averaged values of Eshelby’s ten-
sors for polygonal inclusions of regular shapes have been subse-
quently studied by Kawashita and Nozaki (2001), Xu and Wangll rights reserved.
o).(2005, 2007), and Zou et al. (2010). However, all these studies
are based on classical elasticity which cannot capture microstruc-
ture-dependent size effects due to a lack of any material length
scale parameter. Therefore, Eshelby’s tensors based on higher-or-
der elasticity theories are still needed for polygonal inclusions in
order to explain the inclusion (particle) size effect on elastic prop-
erties exhibited by particle–matrix composites (e.g., Vollenberg
and Heikens, 1989; Cho et al., 2006; Marcadon et al., 2007).
In response to this need, the Eshelby tensor for an arbitrarily
shaped polygonal inclusion, which is prescribed with a uniform
eigenstrain and a uniform eigenstrain gradient and embedded in
an inﬁnite homogeneous isotropic elastic material, is derived using
a simpliﬁed strain gradient elasticity theory (SSGET) (Gao and Park,
2007; Gao and Ma, 2010a). The SSGET contains one material length
scale parameter and has been used to analytically obtain Eshelby
tensors for several inclusion shapes (Gao and Ma, 2009, 2010a,b,
2012; Ma and Gao, 2010, 2011; Gao and Liu, 2012).
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general form of the Eshelby tensor for a two-dimensional (2-D)
arbitrary-shape inclusion based on the SSGET is presented. The
SSGET-based Eshelby tensor for a polygonal inclusion of arbitrary
shape is derived in Section 3, which includes a classical part con-
taining Poisson’s ratio only and a strain gradient part involving
the length scale parameter additionally. The Eshelby tensor is ex-
pressed in terms of three potential functions, two of which have
the same deﬁnitions as those involved in the counterpart Eshelby
tensor based on classical elasticity. These three potential functions,
as area integrals over the cross section of the polygonal inclusion,
are evaluated by dividing the polygonal inclusion into triangles.
Each of these triangles and the attached local coordinate system
are constructed by using a procedure similar to that proposed by
Rodin (1996) based on the algorithm of Waldvogel (1979). For
homogenization applications, the averaged Eshelby tensor over
the cross-sectional area of the inclusion is also analytically deter-
mined in Section 3. In Section 4, numerical results are provided
for the Eshelby tensor components to illustrate their variations
with the position and inclusion size. The averaged Eshelby tensor
components changing with the inclusion size are also quantita-
tively shown there. Furthermore, the strain ﬁeld in a composite
containing polygonal ﬁbers is estimated for two types of regular
polygon-shaped ﬁbers, and the dependence of the induced strain
on the shape and size of the ﬁber cross section is investigated. In
addition, the effective stiffness of the composite is predicted. A
summary is given in the ﬁfth and last section.
2. Eshelby tensor
The SSGET (Gao and Park, 2007) is the simplest strain gradient
elasticity theory evolving from Mindlin’s pioneering work (Mind-
lin, 1964, 1965; Mindlin and Eshel, 1968). It is also known as the
ﬁrst gradient elasticity theory of Helmholtz type and the dipolar
gradient elasticity theory (Gao and Ma, 2010a).
According to the SSGET, the Navier-like displacement-equations
of equilibrium are given by (Gao and Park, 2007)
ðkþ lÞui;ij þ luj;kk  L2½ðkþ lÞui;ij þ luj;kk;mm þ fj ¼ 0 in X; ð1Þ
and the boundary conditions have the form:
ti ¼ ti or ui ¼ ui;
qi ¼ qi or ui;lnl ¼ @ui@n
)
on @X; ð2a;bÞ
with
ti ¼ rijnj  ðlijknkÞ;j þ ðlijknknlÞ;lnj; qi ¼ lijknjnk; ð2c;dÞ
where k and l are the Lamé constants in classical elasticity, L is a
material length scale parameter, ui are the components of the dis-
placement vector, fi are the components of the body force vector
(force per unit volume), ti and qi are, respectively, the components
of the Cauchy traction vector and double stress traction vector, rij
are the components of the total stress, r = rijei  ej, lijk are the
components of the double stress, l = lijkei  ej  ek, X is the region
occupied by the elastic material, oX is the smooth bounding surface
ofX, and ni is the outward unit normal vector on oX. Also, the over-
head bar in Eqs. (2a,b) represents the prescribed value. In addition,
lijk ¼ L2sij;k ¼ ljik; rij  sij  lijk;k ¼ sij  L2sij;kk ¼ rji; ð3Þ
where sij are the components of the Cauchy stress, s = sijei  ej.
Note that the standard index notation, together with the Ein-
stein summation convention, is used in Eqs. (1), (2a,b), (2c,d), (3)
and throughout this paper, with each Latin index (subscript) rang-
ing from 1 to 3 and each Greek index ranging from 1 to 2 unless
otherwise stated. It should also be mentioned that Eqs. (1),(2a,b), (2c,d) and (3) are valid for arbitrary three-dimensional (3-
D) cases and can therefore be directly applied to a plane strain
deformation which is a special 3-D case with ua = ua (x1,x2) and
u3 = 0.
Solving Eq. (1), subject to the boundary conditions of ui and
their ﬁrst, second and third derivatives vanishing at inﬁnity, gives
the fundamental solution and Green’s function. For a plane strain
problem in the x1x2-plane, the in-plane displacements and Green’s
function are given by (Polyzos et al., 2003; Ma and Gao, 2011)
uaðxÞ ¼
Z Z þ1
1
Gabðx yÞfbðyÞdy; ð4Þ
GabðxÞ ¼ 116plð1 vÞ ½AðxÞdab þ BðxÞ;ab; ð5Þ
with
AðxÞ  8ð1 vÞ ln xþ K0 xL
 h i
; BðxÞ
 x2 ln x x
2
2
þ 4L2 ln xþ 4L2K0 xL
 
; ð6a;bÞ
where x ¼ jxj ¼ ðxaxaÞ1=2;v is Poisson’s ratio, and K0() is the modi-
ﬁed Bessel function of the second kind of the zeroth order which
satisﬁes the following asymptotic relation for a ﬁxed number n
(e.g., Arfken and Weber, 2005):
KnðzÞ 
ﬃﬃﬃﬃﬃ
p
2z
r
ez as z!1: ð6cÞ
By using the Green’s function method entailing Eqs. (4), (5) and
(6a,b), the general expressions of the Eshelby tensor based on the
SSGET can then be obtained, as summarized below.
Consider an inﬁnite homogeneous isotropic elastic body con-
taining a prismatic inclusion, OI, with a cross section of arbitrary
shape, RI, and an inﬁnite length. The inclusion is prescribed with
a uniform eigenstrain e and a uniform eigenstrain gradient j;
both of which vanish outside OI. There is no body force or any other
external force acting on the elastic body.
The disturbed strain induced by e and j can be shown to be
(Ma and Gao, 2010, 2011)
ebjðxÞ ¼ SbjchðxÞech þ TbjchvðxÞjchv; ð7Þ
with
SbjchðxÞ ¼ 12Ca/ch½hGabðx yÞi;/j þ hGajðx yÞi;/b; ð8Þ
TbjchvðxÞ ¼ L
2
2
Ca/ch½hGabðx yÞi;v/j þ hGajðx yÞi;v/b; ð9Þ
where Sbjch and Tbjchv, as deﬁned, are, respectively, the fourth-order
Eshelby tensor and a ﬁfth-order Eshelby-like tensor for the plane
strain inﬁnite-domain inclusion problem, Ca/ch is the stiffness (elas-
ticity) tensor given by Ca/ch ¼ kda/dch þ lðdacd/h þ dahd/cÞ, and
h	i ¼
Z Z
RI
	 dAy ð10Þ
is the area integral of the quantity 	 over the cross section of the
inclusion. Eq. (7) shows that e is solely linked to e⁄ in the absence
of j⁄ (i.e., the classical case) and is fully related to j⁄ when e⁄ = 0.
The Eshelby tensor has been obtained as (Ma and Gao, 2010, 2011)
Sbjch ¼ SCbjch þ SGbjch; ð11aÞ
SCbjch ¼
1
8pð1 vÞ ½U;bjch  2vK;bjdch  ð1 vÞðK;hjdbc
þK;cjdbh þK;hbdjc þK;cbdjhÞ; ð11bÞ
x 
V+I
VI
−
x 
λ
η
V+I
VI
−
(a) (b)
Fig. 1. A polygon represented by triangles: (a) a polygon divided into triangles; (b) a
representative triangle and the associated local coordinate system originated from
point x.
0
λI
x 
e1
bI
y 
x2
e2
V+I
VI−
x1
0
ηI
Fig. 2. A triangle constructed from point x and with its base along the Ith edge of
the p-sided polygon.
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1
8pð1 vÞ 2vC;bjdch þ ð1 vÞðC;jhdbc þ C;bhdjc þ C;jcdbh

þC;bcdjhÞþ2L2ðK;bjch  C;bjchÞ
i
; ð11cÞ
where SCbjch is the classical part, S
G
bjch is the gradient part, dbj is the
Kronecker delta, and
U ¼
Z Z
RI
jx yj2 lnjx yj  1
2
 
dAy; ð12aÞ
K ¼
Z Z
RI
 ln jx yj2dAy; ð12bÞ
C ¼
Z Z
RI
2K0
jx yj
L
 
dAy ð12cÞ
are three scalar-valued potential functions that can be obtained by
evaluating the area integrals over RI, with yð2 RIÞ being the integra-
tion variable and x being an arbitrary point inside or outside RI.
Note that the ﬁrst two functions deﬁned in Eqs. (12a) and (12b)
are the same as the ones involved in the Eshelby tensor based on
classical elasticity, while the third function deﬁned in Eq. (12c) re-
sults from the use of the SSGET.
It can be seen from Eqs. (11c) and (12b,c) that SGbjch depends on
L, while SCbjch, containing the ﬁrst two potential functions only as
shown in Eqs. (11b) and (12a,b), is independent of L. Also, it can
be proven, with the help of Eq. (6c), that SGbjch ¼ 0 when L = 0. As
a result, Sbjch ¼ SCbjch when L = 0. That is, the current Eshelby tensor
reduces to its counterpart based on classical elasticity when the
strain gradient effect is not considered.
The ﬁfth-order Eshelby-like tensor T, which links the eigen-
strain gradient j to the disturbed strain e in the elastic body
(see Eq. (7)), is given by
Tbjchv ¼ L
2
8pð1 vÞ ½2vW;bjvdch þ ð1 vÞðW;hvbdjc þW;hvjdbc
þW;cvbdjh þW;cvjdbhÞ P;bjchv; ð13Þ
where
W  K C; P  Uþ 2L2ðK CÞ; ð14a;bÞ
with K; U and C deﬁned in Eqs. (12a-b). It can be seen that T = 0
when L = 0. Then, with Sbjch ¼ SCbjch as discussed above, Eq. (7) re-
duces to ebj ¼ SCbjchech when L = 0, which is the deﬁning relation
for the Eshelby tensor based on classical elasticity (Eshelby, 1957).
3. Polygonal inclusion
The problem of an inﬁnitely long prismatic inclusion with an
arbitrary-shape polygonal cross section in an inﬁnite homoge-
neous isotropic elastic body has been analytically solved by Rodin
(1996) and Nozaki and Taya (1997) based on classical elasticity.
The SSGET-based Eshelby tensor and its average for this inclusion
problem are derived here.
3.1. Eshelby tensor
Consider an inﬁnitely long prismatic inclusion of polygonal
cross sectional shape embedded in an inﬁnite homogeneous isotro-
pic elastic material and prescribed with a uniform eigenstrain e
and a uniform eigenstrain gradient j (Ma and Gao, 2010). This
is a plane strain problem, whose analysis can be carried out on a
cross-sectional plane. In the present case, the cross section of the
inclusion is a p-sided polygon of arbitrary shape and is located in
the x1x2-plane, as shown in Fig. 1. The usual Cartesian coordinate
system (x1,x2) is adopted as the global coordinate system. This p-sided polygon can be divided into p triangles originated from x, a
generic (arbitrary) point at which the induced strain is being eval-
uated, through lines connecting x and one of the vertices of the
polygon (Waldvogel, 1979; Rodin, 1996). One side of each triangle
is an edge of the polygon. For each of the p triangles, a local Carte-
sian coordinate system is constructed with its origin at point x and
its two coordinate axes, denoted by k and g, perpendicular to and
along the polygon edge, respectively. The coordinates of the two
vertices, VþI and V

I , on the Ith edge of the polygon are, respectively,
given by ðbI; lþI Þ and ðbI; lI Þ (see Fig. 1(b)). Also, k0I ; g0I denote,
respectively, the unit vectors associated with the local coordinates
kI and gI , and y is an arbitrary point on the Ith edge, as shown in
Fig. 2.
The three potential functions deﬁned in Eqs. (12a-c) are ﬁrst
evaluated for each of these p triangles. By applying Green’s theo-
rem, the area integrals can be converted to line (contour) integrals
as
U;b ¼
Xp
I¼1
ðk0I Þb
Z lþI
lI
1
2
ðb2I þ g2Þ½lnðb2I þ g2Þ  1dg; ð15Þ
K;b ¼
Xp
I¼1
ðk0I Þb
Z lþI
lI
lnðb2I þ g2Þdg; ð16Þ
C;b ¼ 
Xp
I¼1
ðk0I Þb
Z lþI
lI
2K0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2I þ g2
q
L
0
@
1
Adg; ð17Þ
where bI  ðy  xÞ 	 k0I , which holds for any y on the Ith edge, ðk0I Þb
is the bth component of the unit normal vector on the Ith edge, k0I ,
x 
bI
VI+
VI−
Il
+
Il
−
0
λI
0
η I
bI
x VI+
VI−
Il
−
Il
+
0
λI
0
η I
(a)                                 (b)
Fig. 3. A triangle and parameters bI ; l
þ
I ; l

I : (a) when x is inside the inclusion (i.e.,
x 2 XI); (b) when x is outside the inclusion (i.e., x R XI).
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been made of the result jy  xj2 ¼ b2I þ g2 (see Fig. 2) in reaching
Eqs. (15)–(17).
The ﬁrst two integrals in Eqs. (15) and (16) can be evaluated by
direct integration to obtain
U;b ¼
Xp
I¼1
ðk0I ÞbUI1; ð18aÞ
K;b ¼
Xp
I¼1
ðk0I ÞbKI1; ð18bÞ
where UI1 and K
I
1 are functions deﬁned by
UI1 ¼
7b2I ðlþI  lI Þ
6
 5½ðl
þ
I Þ3  ðlI Þ3
18
þ 2b
3
I
3
tan1
lþI
bI
 
 tan1 l

I
bI
  	
þ 1
2
ln½b2I þ ðlþI Þ2

 b2I lþI þ
ðlþI Þ3
3
" #
 1
2
ln½b2I þ ðlI Þ2 b2I lI þ
ðlI Þ3
3
" #
; ð19aÞ
KI1 ¼ 2bI tan1
lþI
bI
 
 tan1 l

I
bI
  	
þ lþI ln½b2I þ ðlþI Þ2
 lI ln½b2I þ ðlI Þ2  2ðlþI  lI Þ: ð19bÞ
Note that K0 can be expressed as, with the help of the inverse
Fourier transform,
K0
r
L
 
¼ 1
2p
Z 1
1
Z 1
1
ein	r
n2 þ 1
L2
dn1dn2; ð20Þ
where i is the imaginary unit satisfying i2 = 1, r ¼ jrj ¼
jy  xj; n ¼ jnj, and n; r are given by
n ¼ n1k0I þ n2g0I ; r ¼ bIk0I þ gg0I : ð21Þ
Notice thatZ 1
0
eðn
2þ 1
L2
Þtdt ¼ 1
n2 þ 1
L2
: ð22Þ
Substituting Eqs. (21) and (22) into Eq. (20) yields
K0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2I þ g2
q
L
0
@
1
A ¼ 1
2
Z 1
0
e
ðb2
I
þg2 Þ
4t e
t
L2
t
dt; ð23Þ
where use has been made of the result:R1
0 e
a2x2 cosðbxÞdx ¼
ﬃﬃ
p
p
2a e
b2=ð4a2Þ.
Using Eq. (23) in Eq. (17) then gives
C;b ¼ 
Xp
I¼1
ðk0I ÞbCI1; ð24aÞ
where CI1 is a function deﬁned by
CI1 ¼
X1
n¼0
ð1Þn
n!ð2nþ 1Þ2n1
1
bIL
 n
Kn
bI
L
 
½ðlþI Þ2nþ1  ðlI Þ2nþ1: ð24bÞ
Note that Eqs. (18a,b), (19a,b) and (24a,b) are applicable to both
the interior case with x being inside the inclusion (i.e., x 2 XI) and
the exterior case with x outside the inclusion (i.e., x R XI). For
x 2 XI , bI is positive, while for x R XI , bI is negative, as shown in
Fig. 3.
Note that for a smooth function FðbI; lþI ; lI Þ the use of the chain
rule gives
F ;b  @F
@xb
¼ @F
@bI
@bI
@xb
þ @F
@lþI
@lþI
@xb
þ @F
@lI
@lI
@xb
; ð25Þ
where the parameters bI; l
þ
I ; l

I are related to x throughbI ¼ ðmþa  xaÞðk0I Þa; ð26aÞ
lþI ¼ ðmþa  xaÞðg0I Þa; ð26bÞ
lI ¼ ðma  xaÞðg0I Þa; ð26cÞ
in which xa; mþa and ma are, respectively, the coordinates of the
points x, VþI and V

I in the global coordinate system, and
ðk0I Þa and ðg0I Þa are the components of the unit base vectors
k0I and g0I in the global coordinate system.
From Eqs. (25) and (26a-c), it then follows that
F ;b ¼  @F
@bI
ðk0I Þb 
@F
@lþI
þ @F
@lI
 !
ðg0I Þb; ð27aÞ
F ;bj ¼ @
2F
@b2I
ðk0I Þbðk0I Þj þ
@2F
@bI@l
þ
I
þ @
2F
@bI@l

I
 !
½ðk0I Þbðg0I Þj þ ðg0I Þbðk0I Þj
þ @
2F
@ðlþI Þ2
þ 2 @
2F
@lþI @l

I
þ @
2F
@ðlI Þ2
" #
ðg0I Þbðg0I Þj; ð27bÞ
F ;bjc ¼  @
3F
@b3I
ðk0I Þbðk0I Þjðk0I Þc
 @
3F
@b2I @l
þ
I
þ @
3F
@b2I @l

I
 !
½ðk0I Þbðk0I Þjðg0I Þc
þ ðk0I Þbðg0I Þjðk0I Þc þ ðg0I Þbðk0I Þjðk0I Þc
 @
3F
@ðlþI Þ2@bI
þ 2 @
3F
@lþI @l

I @bI
þ @
3F
@ðlI Þ2@bI
" #
½ðk0I Þbðg0I Þjðg0I Þc
þ ðg0I Þbðk0I Þjðg0I Þc þ ðg0I Þbðg0I Þjðk0I Þc
 @
3F
@ðlþI Þ3
þ 3 @
3F
@ðlþI Þ2@lI
þ 3 @
3F
@lþI ðlI Þ2
þ @
3F
@ðlI Þ3
" #
ðg0I Þbðg0I Þjðg0I Þc:
ð27cÞ
Using Eqs. (18a), (18b), (19a), (19b), (24a), (24b), (27a) and
(27c) in Eqs. (11b) and (11c) will yield the ﬁnal expressions of
the classical and gradient parts of the Eshelby tensor for the p-
sided polygonal inclusion as
SCbjch ¼
1
8pð1 vÞ
Xp
I¼1
ðSC1ÞIðk0I Þbðk0I Þjdch þ ðSC2ÞIðk0I Þb½ðk0I Þcdjh
n
þðk0I Þhdjc þ ðSC3ÞIðk0I Þj½ðk0I Þcdbh þ ðk0I Þhdbc
þ ðSC4ÞIðk0I Þbðg0I Þjdch þ ðSC5ÞIðk0I Þb½ðg0I Þcdjh þ ðg0I Þhdjc
þ ðSC6ÞIðk0I Þj½ðg0I Þcdbh þ ðg0I Þhdbc þ ðSC7ÞI½ðk0I Þbðk0I Þjðg0I Þcðg0I Þh
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þ ðSC8ÞI½ðk0I Þbðg0I Þjðk0I Þcðk0I Þhþðk0I Þbðk0I Þjðg0I Þcðk0I Þh
þðk0I Þbðk0I Þjðk0I Þcðg0I Þh
o
; ð28aÞ
where
ðSC1ÞI ¼ 
1
3
@3UI1
@b3I
þ 2v @K
I
1
@bI
;
ðSC2ÞI ¼ 
1
3
@3UI1
@b3I
þ ð1 vÞ @K
I
1
@bI
;
ðSC3ÞI ¼ ð1 vÞ
@KI1
@bI
;
ðSC4ÞI ¼ 
1
3
@3UI1
@ðlþI Þ3
þ @
3UI1
@ðlI Þ3
( )
þ 2v @K
I
1
@lþI
þ @K
I
1
@lI
 !
;
ðSC5ÞI ¼ 
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3
@3UI1
@ðlþI Þ3
þ @
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@ðlI Þ3
" #
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@lþI
þ @K
I
1
@lI
 !
;
ðSC6ÞI ¼ ð1 vÞ
@KI1
@lþI
þ @K
I
1
@lI
 !
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ðSC7ÞI ¼ 
@3UI1
@ðlþI Þ2@bI
 @
3UI1
@ðlI Þ2@bI
þ 1
3
@3UI1
@b3I
;
ðSC8ÞI ¼ 
@3UI1
@b2I @l
þ
I
 @
3UI1
@b2I @l

I
þ 1
3
@3UI1
@ðlþI Þ3
þ @
3UI1
@ðlI Þ3
" #
;
and
SGbjch ¼
1
8pð1 vÞ
Xp
I¼1
ðSG1ÞIðk0I Þbðk0I Þjdch
n
þðSG2ÞIðk0I Þb½ðk0I Þcdjh þ ðk0I Þhdjc þ ðSG3ÞIðk0I Þj½ðk0I Þcdbh
þ ðk0I Þhdbc þ ðSG4ÞIðk0I Þbðg0I Þjdch þ ðSG5ÞIðk0I Þb½ðg0I Þcdjh
þ ðg0I Þhdjc þ ðSG6ÞIðk0I Þj½ðg0I Þcdbh þ ðg0I Þhdbc
þ ðSG7ÞI½ðk0I Þbðk0I Þjðg0I Þcðg0I Þh þ ðk0I Þbðg0I Þjðk0I Þcðg0I Þh
þ ðk0I Þbðg0I Þjðg0I Þcðk0I Þh þ ðSG8ÞI½ðk0I Þbðg0I Þjðk0I Þcðk0I Þh
þ ðk0I Þbðk0I Þjðg0I Þcðk0I Þhþðk0I Þbðk0I Þjðk0I Þcðg0I Þh
o
; ð29aÞ
where
ðSG1ÞI ¼
2L2
3
@3ðKI1 þ CI1Þ
@b3I
þ 4vð1 vÞð1 2vÞ
@CI1
@bI
 2vL
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@3ðKI1 þ CI1Þ
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þ @
3ðKI1 þ CI1Þ
@bI@ðlþI Þ2
þ @
3ðKI1 þ CI1Þ
@bI@ðlI Þ2
" #
;
ðSG2ÞI ¼ 
2L2
3
@3ðKI1 þ CI1Þ
@b3I
þ ð1 vÞ @C
I
1
@bI
;
ðSG3ÞI ¼ ð1 vÞ
@CI1
@bI
;
ðSG4ÞI ¼ 
2L2
3
@3ðKI1þCI1Þ
@ðlþI Þ3
þ@
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" #
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@ðlI Þ3
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@3ðKI1 þ CI1Þ
@ðlþI Þ3
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3ðKI1 þ CI1Þ
@ðlI Þ3
" #
þ ð1 vÞ @C
I
1
@lþI
þ @C
I
1
@lI
 !
;
ðSG6ÞI ¼ ð1 vÞ
@CI1
@lþI
þ @C
I
1
@lI
 !
;
ðSG7ÞI ¼ 2L2
@3ðKI1 þ CI1Þ
@ðlþI Þ2@bI
þ @
3ðKI1 þ CI1Þ
@ðlI Þ2@bI
 1
3
@3ðKI1 þ CI1Þ
@b3I
" #
;
ðSG8ÞI ¼  2L2
@3ðKI1 þ CI1Þ
@b2I @l
þ
I
þ @
3ðKI1 þ CI1Þ
@b2I @l

I
(
1
3
@3ðKI1 þ CI1Þ
@ðlþI Þ3
þ @
3ðKI1 þ CI1Þ
@ðlI Þ3
" #)
: ð29bÞ
Note that UI1; K
I
1; C
I
1 in Eqs. (28b) and (29b) are deﬁned in Eqs.
(19a), (19b), and (24b), respectively. Also, use has been made of
the identity dch ¼ ðk0I Þcðk0I Þh þ ðg0I Þcðg0I Þh in reaching Eqs. (28a) and
(29a).
It should be noticed that the classical part SCbjch given in Eqs.
(28a) and (28b) depends only on Poisson’s ratio v and cannot ex-
plain the inclusion size effect, since UI1 and K
I
1 involved in Eq.
(28b) do not contain the material length scale parameter L (see
Eqs. (19a) and (19b). However, the gradient part SGbjch listed in
Eqs. (29a) and (29b) can capture the inclusion size effect, because
Eq. (29b) as well as CI1 (see Eq. (24b)) contains the parameter L in
addition to Poisson’s ratio v. When L = 0, SGbjch  0 according to Eqs.
(29a), (29b), (17) and (6c), and hence Sbjch ¼ SCbjch from Eq. (11a).
That is, the SSGET-based Eshelby tensor reduces to its counterpart
based on classical elasticity when the strain gradient effect is not
considered.
The expressions of the Eshelby tensor Sbjch in Eqs. (11a), (28a),
(28b), (29a) and (29b) are derived for a p-sided polygonal inclusion
of arbitrary shape. For simple-shape inclusions, more explicit
expressions can be obtained for Sbjch:
3.2. Averaged Eshelby tensor
Since both SCbjch and S
G
bjch are position-dependent inside the
polygonal inclusion, the area average of the Eshelby tensor is eval-
uated here, which is needed in homogenization analyses of com-
posites containing ﬁbers with polygon-shaped cross sections. The
p-sided polygon can be divided into p triangles with a common
vertex O, which is taken to be the origin of the global coordinate
system. The three vertices of each of the triangles include the ori-
gin O and two consecutive vertices of the polygon. The integral of
the Eshelby tensor S over the cross-sectional area can be ﬁrst eval-
uated over each of these triangles individually. The sum of the p
area integrals will then give the area integral of S over the cross
section of the polygonal inclusion. Dividing the sum over the
cross-sectional area will ﬁnally lead to the averaged Eshelby tensor
for the p-sided polygonal inclusion.
That is, the averaged Eshelby tensor for a p-sided polygonal
inclusion over the cross-sectional area of the inclusion can be ob-
tained as
Sbkch ¼ 1A
Xp
N¼1
Xp
I¼1
Z Z
XN
ðSNÞbkchðbI; lþI ; lI ÞdA; ð30Þ
where ðSNÞbjch is the Eshelby tensor at an arbitrary point x within
XN given in Eqs. (11a), (28a), (28b), (29a) and (29b), XN is the trian-
gle formed by the origin O and the two vertices on the Nth edge (i.e.,
VþN ; V

N) as shown in Fig. 4, and A is the cross-sectional area of the
polygonal inclusion. Note that the triangle XN constructed from
Fig. 4. Triangles and the related local coordinate systems originated from point x
and from the origin O of the global coordinate system.
Fig. 6. Sub-areas of one-quarter of a dodecagonal inclusion formed by using lines
parallel to the x1 axis.
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The former (i.e., XN) is constructed for evaluating the average of
the Eshelby tensor at all points within XI , while the latter is used
to obtain the Eshelby tensor at x.
For the Nth triangle XN , the local Cartesian coordinate system
ðkN;gNÞ can be chosen in a way similar to what was done earlier
(see Fig. 2). The coordinates of the vertices of the triangle XI on
the Ith edge and of the point x in the local coordinate system
ðkN;gNÞ can be identiﬁed as ðmINþ1 ; mINþ2 Þ; ðmIN1 ; mIN2 Þ and ðxIN1 ; xIN2 Þ,
respectively. Also, the base vectors k0I and g0I of the local coordinate
system ðkI;gIÞ attached to the triangle XI can be expressed in terms
of the base vectors k0N and g0N . The parameters for the triangle XN
can then be obtained as
bI ¼ ðmINþa  xINa Þðk0I ÞNa ¼ ðmINa  xINa Þðk0I ÞNa ; ð31aÞlþI ¼ ðmINþa  xINa Þðg0I ÞNa ; ð31bÞlI ¼ ðmINa  xINa Þðg0I ÞNa ; ð31cÞ
where ðk0I ÞNa and ðg0I ÞNa represent, respectively, the ath components
of the base vectors k0I and g0I in the local coordinate system
ðkN;gNÞ with the base vectors k0N and g0N .
Using Eqs. (31a), (31b) and (31c) in Eq. (30) gives
Sbkch¼1A
Xp
N¼1
Xp
I¼1
Z Z
XN
ðSNÞbkch½bIðkN ;gNÞ; lþI ðkN ;gNÞ; lI ðkN ;gNÞdkNdgN:
ð32Þ
This formula is applicable to a polygonal inclusion of arbitrary
shape.Fig. 5. Three kinds of polygonal inclusions of the isogon type:For an isogon inscribed to a circle of radius R and with two of its
vertices on the x1 axis (possible for pP 4) (see Fig. 5), it is symmet-
ric about x1 and x2 axes. Hence, only one-quarter of the inclusion
needs to be considered. This one-quarter of the inclusion area
can be further divided into several triangles and trapezoids by
using lines parallel to the x1 axis (see Fig. 6), and the area integral
can then be evaluated employing these sub-areas formed by the
parallel lines (rather than the triangles originated from O). Hence,
only the global coordinates of all the vertices of the polygon need
to be determined. Also, the unit vectors k0I and g0I of each local
coordinate system ðkI;gIÞ can be represented in terms of the base
vectors e1 and e2 of the global coordinate system ðx1; x2Þ.
As a result, Eq. (32) can be simpliﬁed to
Sbjch ¼ 4A
Xt
T¼1
Xp
I¼1
Z Z
XT
ðSTÞbkch½bIðx1; x2Þ; lþI ðx1; x2Þ; lI ðx1; x2Þdx1dx2;
ð33Þ
where t is the total number of sub-areas from the one-quarter of the
polygonal area, ðSTÞbjch is the Eshelby tensor at an arbitrary point x
inside XT given in Eqs. (11a), (28a), (28b), (29a) and (29b), and XT is
the sub-area formed by the Tth edge, x2 axis and one or two lines
parallel to x1 axis (see Fig. 6).4. Numerical results
In this section, three kinds of polygonal inclusions, i.e., hexago-
nal, dodecagonal and tetrakaidecagonal (see Fig. 5), are quantita-
tively studied by using the general formulas for a p-sided
polygonal inclusion of arbitrary shape derived in Section 3. The
components of the Eshelby tensor at any x inside each of the three
polygonal inclusions for various inclusion sizes are evaluated using
Eqs. (11a), (28a), (28b), (29a), (29b), (19a), (19b) and (24b) and
plotted to demonstrate how they change with the position and
inclusion size. Also, the averaged Eshelby tensor varying with the
inclusion size is analyzed and displayed here. Poisson’s ratio v
and the material length scale parameter L are taken to be 0.3 and
17.6 lm, respectively, in the numerical analysis, as was done ear-
lier (e.g., Gao and Liu, 2012).(a) hexagonal, (b) dodecagonal, and (c) tetrakaidecagonal.
Fig. 7. Variation of S1111 along the x1 axis inside the hexagonal inclusion: (a) R = 2L, (b) R = 4L and (c) R = 6L.
Fig. 8. Variation of S1111 along the x1 axis inside the dodecagonal inclusion: (a) R = 2L, (b) R = 4L and (c) R = 6L.
Fig. 9. Variation of S1111 along the x1 axis inside the tetrakaidecagonal inclusion: (a) R = 2L, (b) R = 4L and (c) R = 6L.
334 M.Q. Liu, X.-L. Gao / International Journal of Solids and Structures 50 (2013) 328–338The distributions of S1111 for the hexagonal, dodecagonal and
tetrakaidecagonal inclusions along the x1 axis are shown in
Figs. 7–9, where the values for SC1111, computed using Eqs. (28a),
(28b), (19a) and (19b), are also provided for comparison.Fig. 10. Variation of S1212 along the x1 axis inside the hex
Fig. 11. Variation of S1212 along the x1 axis inside the dodeIt can be seen from Figs. 7–9 that the classical part SC1111 (based
on classical elasticity) varies with the position of x within each
polygonal inclusion, unlike that for an ellipsoidal inclusion. Also,
the results of SC1111 for the hexagonal (with p = 6) and dodecagonalagonal inclusion: (a) R = 2L, (b) R = 4L and (c) R = 6L.
cagonal inclusion: (a) R = 2L, (b) R = 4L and (c) R = 6L.
Fig. 13. Variation of S1111 with the inclusion size: (a) hexagonal, (b) dodecagonal
and (c) tetrakaidecagonal.
Fig. 12. Variation of S1212 along the x1 axis inside the tetrakaidecagonal inclusion: (a) R = 2L, (b) R = 4L and (c) R = 6L.
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(1996). In addition, Figs. 7–9 show that for each of the three inclu-
sion shapes SC1111 at a given value of x1/R is the same for all values of
R/L, conﬁrming the inclusion size independence of the classical
part of the Eshelby tensor. However, S1111 based on the SSGET var-
ies with not only the position but also the inclusion size. When the
inclusion size is small compared with the length scale parameter L
(e.g., R/L = 2), the gradient part SG1111, which is the difference
between SC1111 and S1111 (i.e., S
G
1111 ¼ S1111  SC1111), is quite large
and may not be ignored. However, this difference becomes smaller
as the inclusion size gets larger. When the inclusion size becomes
large enough (e.g., R/L = 6), the inclusion size effect as measured
through the gradient part SG1111 is very small in the interior of the
inclusion and may be neglected.
The variations of S1212 with the position and inclusion size for
the three polygonal inclusions are displayed in Figs. 10–12, which
show similar trends to those exhibited by S1111. The results for
those of the classical part SC1212 along the x1 axis of the hexagonal
and dodecagonal inclusions agree well with those of Rodin
(1996). It is observed from Figs. 10–12 that for each of the three
polygonal inclusion shapes the classical part SC1212 varies with the
position of x within the inclusion but does not change with the
inclusion size. However, S1212 varies with both the position and
inclusion size. The difference between S1212 and S
C
1212, which is
the gradient part SG1212 (¼ S1212  SC1212), is seen to be signiﬁcantly
large when the inclusion size is small (e.g., R/L = 2). The values of
S1212 approach to those of S
C
1212 as the inclusion size increases.
When the inclusion size gets large enough (e.g., R/L = 6), the strain
gradient effect becomes insigniﬁcant and the difference between
S1212 and S
C
1212 is negligible in the region x1/L < 0.5, while the size
effect is still considerable in the region x1/L > 0.5 and may not be
ignored due to the large strain gradient effect near the boundary.
The component S1111 of the averaged Eshelby tensor varying
with the inclusion size is shown in Fig. 13 for the three inclusion
shapes, where SC1111 is also plotted for comparison. The values of
S1111 displayed in Fig. 13 are obtained using Eq. (33), which is also
employed to get the values of SC1111 with L! 0.
It can be seen that for each polygonal inclusion the classical part
SC1111 (based on classical elasticity) is a constant that does not
change with the inclusion size. However, S1111 varies with the
inclusion size: the smaller the inclusion, the smaller the Eshelby
tensor component. In particular, when the inclusion is small, the
strain gradient effect is signiﬁcant and cannot be neglected. Never-
theless, as the inclusion becomes large, S1111 approaches SC1111 from
below, indicating that the strain gradient effect gets small and may
be ignored for large inclusions.
Clearly, the numerical results presented above show that the
Eshelby tensor based on the SSGET can capture the inclusion size
effect at the micron scale, while the Eshelby tensor based on clas-
sical elasticity does not have this capability.
Numerical results for the strain ﬁeld in and the effective stiff-
ness of a composite reinforced by polygonal ﬁbers are obtained
by directly applying Eq. (7) and using the Mori-Tanaka method(Mori and Tanaka, 1973). The composite considered is composed
of an aluminum matrix and silicon carbide ﬁbers. For illustration
purposes, the eigenstrain gradient j is set to be zero and the
eigenstrain e is taken to be e11 ¼ e0; e22 ¼ e0 and e12 ¼ 0.
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nal-shaped ﬁbers.
Variations of e11=e0 for the two types of polygonal ﬁbers along
the x1 axis are illustrated in Figs. 14–16 for three different ﬁber
sizes. Also, e11=e0 for a circular ﬁber of radius R is plotted for com-
parison, which is obtained from the formulas derived in Ma and
Gao (2010). To show the strain gradient effect, the result of the
classical part of e11=e0 for the circular ﬁber is displayed in Figs. 14–
16 additionally.
From Figs. 14–16 it can be seen that the value of the classical
part eC11=e0 for the circular ﬁber is a constant within the ﬁber and
the values of eC11=e0 at a given value of x1/R are the same for all ﬁber
sizes. When R = 2L, it is seen from Fig. 14 that the difference be-
tween e11=e0 for each polygonal ﬁber considered and that for the
circular ﬁber is signiﬁcant and may not be ignored. As the ﬁber size
increases (i.e., R/L = 6), the values of e11=e0 for each polygonal ﬁber
increase and are getting closer to those for the circular ﬁber. For
each value of R/L considered, the value of e11=e0 increases with
the increase of the number of sides p at a given position x1/R,
approaching from below the value of e11=e0 for the circular ﬁber.Fig. 14. Variations of e11=e0 along the x1 axis inside each ﬁber with R = 2L.
Fig. 16. Variations of e11=e0 along the x1 axis inside each ﬁber with R = 6L.
Fig. 15. Variations of e11=e0 along the x1 axis inside each ﬁber with R = 4L.For the tetrakaidecagonal ﬁber (with p = 14), the e11=e0 curve is
almost coincident with that for the circular ﬁber for all three ﬁber
sizes considered, indicating that the strain component in a polygo-
nal ﬁber could approach that in a circular ﬁber when the number of
sides of the polygon is sufﬁciently large (e.g., p = 14 here), as
expected.
The effective stiffness tensor C can be estimated using the Mori-
Tanaka method (Mori and Tanaka, 1973). For the current two-
phase (ﬁber–matrix) composite, this method predicts (e.g., Weng,
1990; Li and Wang, 2008)
C ¼ ½ð1 fIÞCm þ fICfA½ð1 fIÞIþ fIA1; ð34Þ
where fI is the ﬁber volume fraction, I is the fourth-order identity
tensor, Cm and Cf are, respectively, the fourth-order stiffness (elas-
ticity) tensors of the matrix and ﬁber phases with the components:
Cmbjch ¼ kmdbjdch þ lmðdbcdjh þ dbhdjcÞ;
Cfbjch ¼ kf dbjdch þ lf ðdbcdjh þ dbhdjcÞ;
ð35Þ
and A is the strain concentration tensor given by
A ¼ ½Iþ ðSfC1m ÞðCf  CmÞ1; ð36Þ
with Sf being the Eshelby tensor of the ﬁber phase, which is the
averaged Eshelby tensor derived in Eq. (33). In Eq. (35), km, lm are
the Lamé constants for the matrix phase, and kf, lf are the Lamé
constants for the ﬁber phase. In the numerical analysis presented
here, km ¼ 57:5 GPa; lm ¼ 26:5 GPa for the aluminum matrix and
kf ¼ 98 GPa; lf ¼ 188:1 GPa for the silicon carbide ﬁbers (Nozaki
and Taya, 2001).
Variations of the components C1111 and C1212 of the effective
stiffness tensor of the composite with the ﬁber volume fraction
for three types of ﬁbers (i.e., hexagonal, tetrakaidecagonal and cir-
cular) are shown in Figs. 17–22. From Figs. 17–22, it can be con-
cluded that for each type of ﬁbers with all three sizes considered,
the values of C1111 and C1212 increase as the ﬁber volume fractionFig. 17. Variations of C1111 with fI for different ﬁber shapes with R = 2L.
Fig. 18. Variations of C1111 with fI for different ﬁber shapes with R = 4L.
Fig. 19. Variations of C1111 with fI for different ﬁber shapes with R = 6L.
Fig. 22. Variations of C1212 with fI for different ﬁber shapes with R = 6L.
Fig. 20. Variations of C1212 with fI for different ﬁber shapes with R = 2L.
Fig. 21. Variations of C1212 with fI for different inclusion shapes with R = 4L.
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rent SSGET-based solution for all types of polygonal ﬁbers
considered approach those for the circular ﬁber with the same fI.
In addition, the SSGET-based values of C1111 and C1212 are getting
closer to those with the circular ﬁber based on classical elasticity
as the ﬁber size becomes larger. Also, for each value of R/Lconsidered, the values of C1111 and C1212 decrease with the increase
of p for a given volume fraction, approaching from above the values
of C1111 and C1212 for the composite with the circular ﬁber. For the
tetrakaidecagonal ﬁber (with p = 14) reinforced composite, the
curves of C1111 and C1212 are almost coincident with the
corresponding curves for the circular ﬁber reinforced composite
at all three ﬁber sizes, especially for the case with R/L = 6 (the
largest ﬁber size considered). For each ﬁber size, the difference in
the values of C1111 or C1212 for a polygon-shaped ﬁber reinforced
composite and the values of the classical part for the circular
ﬁber reinforced composite increases with increasing fI. However,
the differences between the effective stiffness components
C1111 and C1212 of each polygonal ﬁber reinforced composite and
those of the circular ﬁber reinforced composite are small for all
three ﬁber sizes. As a result, the circular inclusion solution can
be used to estimate the effective stiffness of a composite reinforced
by regular polygonal ﬁbers.5. Summary
The Eshelby-type problem of an arbitrary-shape polygonal
inclusion embedded in an inﬁnite homogeneous isotropic elastic
material is analytically solved using a simpliﬁed strain gradient
elasticity theory (SSGET). The resulting Eshelby tensor is expressed
in terms of three potential functions, two of which have the same
deﬁnitions as those involved in the classical elasticity-based coun-
terpart Eshelby tensor. This newly obtained Eshelby tensor is sep-
arated into a classical part and a gradient part. The former contains
Poisson’s ratio only, while the latter depends on the material
length scale parameter additionally, which enables the interpreta-
tion of the inclusion size effect. When the strain gradient effect is
not considered, the current Eshelby tensor reduces to its counter-
part based on classical elasticity. A general form of the averaged
Eshelby tensor is also provided, which is needed in homogeniza-
tion analyses of composite materials containing polygon-shaped
ﬁbers.
The numerical results for three polygonal inclusion shapes are
provided by directly applying the general formulas derived. The re-
sults show that for each of the three inclusion shapes considered
the components of the newly obtained Eshelby tensor vary with
both the position and the inclusion size, while their classical coun-
terparts change with the position only. It is also seen that when the
inclusion size is comparable to the material length scale parame-
ter, the size effect is signiﬁcant and should not be neglected. This
size effect becomes small, especially at the positions near the
inclusion center, as the inclusion size increases. The averaged
Eshelby tensor components are observed to be smaller for a smal-
ler inclusion size. These averaged components approach the values
of their classical counterparts from below as the inclusion size be-
comes large. This indicates that the inclusion size effect can be ig-
nored for large polygonal inclusions.
Based on the newly derived Eshelby tensor and its average, a
homogenization analysis of a composite reinforced by polygon-
shaped ﬁbers is performed. The numerical results show that as
the ﬁber size increases, the differences between the values of the
components of the induced strain in a regular polygon-shaped ﬁ-
ber and those in the corresponding circular ﬁber become small,
and the size effect may be neglected. Also, the induced strain com-
ponents in a polygonal ﬁber approach those in the associated circu-
lar ﬁber when the number of sides of polygon increases. In
addition, it is found that the differences between the effective stiff-
ness components of a composite reinforced by polygonal ﬁbers and
those of its counterpart composite reinforced by circular ﬁbers are
small. Hence, the simpler solution for a circular inclusion can be
338 M.Q. Liu, X.-L. Gao / International Journal of Solids and Structures 50 (2013) 328–338used to estimate the effective stiffness of a composite reinforced by
regular polygon-shaped ﬁbers.Acknowledgments
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